Abstract. We give a criterion for a projective surface to become a quotient of a fake projective plane. We also give a detailed information on the elliptic fibration of a (2, 3)-elliptic surface that is the minimal resolution of a quotient of a fake projective plane. As a consequence, we give a classification of Qhomology projective planes with cusps only.
to k-isomorphism. Using Prasad's volume formula [P] , they were able to eliminate most (k, l, D, ν 0 ), making a short list of possibilities where Π's might occur, which yields a short list of maximal arithmetic subgroupsΓ which might contain a Π. If Π is contained, up to conjugacy, in a uniqueΓ, then the group Π or the fake projective plane B/Π is said to belong to the class corresponding to the conjugacy class ofΓ. If Π is contained in two non-conjugate maximal arithmetic subgroups, then Π or B/Π is said to form a class of its own. They exhibited 28 non-empty classes ( [PY] , Addendum). It turns out that the index of such a Π in aΓ is 1, 3, 9, or 21, and all such Π's in the sameΓ have the same index.
Then Cartwright and Steger [CS] have carried out a computer-based but very complicated group-theoretic computation, showing that there are exactly 28 nonempty classes, where 25 of them correspond to conjugacy classes of maximal arithmetic subgroups and each of the remaining 3 to a Π contained in two non-conjugate maximal arithmetic subgroups. This yields a complete list of fundamental groups of fake projective planes: the moduli space consists of exactly 100 points, corresponding to 50 pairs of complex conjugate fake projective planes.
It is easy to see that the automorphism group Aut(X) of a fake projective plane X can be given by Aut(X) ∼ = N (π 1 (X))/π 1 (X),
where N (π 1 (X)) is the normalizer of π 1 (X) in a suitableΓ.
Theorem 0.1. [PY] , [CS] , [CS2] For a fake projective plane X, Aut(X) = {1}, C 3 , C 2 3 , 7 : 3, where C n denotes the cyclic group of order n, and 7 : 3 the unique non-abelian group of order 21.
According to ([CS] , [CS2] ), 68 of the 100 fake projective planes admit a nontrivial group of automorphisms.
Let (X, G) be a pair of a fake projective plane X and a non-trivial group G of automorphisms. In [K08] , all possible structures of the quotient surface X/G and its minimal resolution were classified: Theorem 0.2. [K08] (1) If G = C 3 , then X/G is a Q-homology projective plane with 3 singular points of type 1 3 (1, 2) and its minimal resolution is a minimal surface of general type with p g = 0 and K 2 = 3. (2) If G = C 2 3 , then X/G is a Q-homology projective plane with 4 singular points of type 1 3 (1, 2) and its minimal resolution is a minimal surface of general type with p g = 0 and K 2 = 1. (3) If G = C 7 , then X/G is a Q-homology projective plane with 3 singular points of type 1 7 (1, 5) and its minimal resolution is a (2, 3)-, (2, 4)-, or (3, 3)-elliptic surface. (4) If G = 7 : 3, then X/G is a Q-homology projective plane with 4 singular points, 3 of type 1 3 (1, 2) and one of type 1 7 (1, 5), and its minimal resolution is a (2, 3)-, (2, 4)-, or (3, 3)-elliptic surface.
Here a Q-homology projective plane is a normal projective surface with the same Betti numbers as P 2 . A fake projective plane is a nonsingular Q-homology projective plane, hence every quotient is again a Q-homology projective plane. An (a, b)-elliptic surface is a relatively minimal elliptic surface over P 1 with two multiple fibres of multiplicity a and b respectively. It has Kodaira dimension 1 if and only if a ≥ 2, b ≥ 2, a + b ≥ 5. It is an Enriques surface iff a = b = 2, and it is rational iff a = 1 or b = 1. An (a, b)-elliptic surface has p g = q = 0, and by [D] its fundamental group is the cyclic group of order the greatest common divisor of a and b.
Remark 0.3. (1) Since X/G has rational singularities only, X/G and its minimal resolution have the same fundamental group. LetΓ be the maximal arithmetic subgroup of P U (2, 1) containing π 1 (X). There is a subgroupG ⊂Γ such that π 1 (X) is normal inG and G =G/π 1 (X). Thus,
It is well known (cf. [Arm] ) that
where H is the minimal normal subgroup ofG containing all elements acting nonfreely on the 2-ball B. In our situation, it can be shown that H is generated by torsion elements ofG, and Cartwright and Steger have computed, along with their computation of the fundamental groups, the quotient groupG/H for each pair (X, G).
where S 3 is the symmetric group of order 6, and D 8 and Q 8 are the dihedral and quaternion groups of order 8.
•
This eliminates the possibility of (3, 3)-elliptic surfaces in Theorem 0.2, as (3, 3)-elliptic surfaces have π 1 = C 3 .
(2) It is interesting to consider all ball quotients which are covered irregularly by a fake projective plane. Indeed, Cartwright and Steger have considered all subgroups G ⊂ P U (2, 1) such that π 1 (X) ⊂G ⊂Γ for some maximal arithmetic subgroup Γ and some fake projective plane X, where π 1 (X) is not necessarily normal inG. It turns out [CS2] that, if π 1 (X) is not normal inG, then there is another fake projective plane
Thus such a general subgroupG does not produce a new surface.
It is a major step toward a geometric construction of a fake projective plane to construct a Q-homology projective plane satisfying one of the descriptions (1)-(4) from Theorem 0.2. Suppose that one has such a Q-homology projective plane. Then, can one construct a fake projective plane by taking a suitable cover? In other words, does the description (1)-(4) from Theorem 0.2 characterize the quotients of fake projective planes? The answer is affirmative in all cases.
Theorem 0.4. Let Z be a Q-homology projective plane satisfying one of the descriptions (1)-(4) from Theorem 0.2.
(1) If Z is a Q-homology projective plane with 3 singular points of type 1 3 (1, 2) and its minimal resolution is a minimal surface of general type with p g = 0 and K 2 = 3, then there is a C 3 -cover X → Z branched at the three singular points of Z such that X is a fake projective plane.
(2) If Z is a Q-homology projective plane with 4 singular points of type 1 3 (1, 2) and its minimal resolution is a minimal surface of general type with p g = 0 and K 2 = 1, then there is a C 3 -cover Y → Z branched at three of the four singular points of Z and a C 3 -cover X → Y branched at the three singular points on Y , the pre-image of the remaining singularity on Z, such that X is a fake projective plane. (3) If Z is a Q-homology projective plane with 3 singular points of type 1 7 (1, 5) and its minimal resolution is a (2, 3)-or (2, 4)-elliptic surface, then there is a C 7 -cover X → Z branched at the three singular points of Z such that X is a fake projective plane. (1, 5), and its minimal resolution is a (2, 3)-or (2, 4)-elliptic surface, then there is a C 3 -cover Y → Z branched at the three singular points of type 1 3 (1, 2) and a C 7 -cover X → Y branched at the three singular points, the pre-image of the singularity on Z of type 1 7 (1, 5), such that X is a fake projective plane.
In the case (4), we give a detailed information on the types of singular fibres of the elliptic fibration on the minimal resolution of Z.
Theorem 0.5. Let Z be a Q-homology projective plane with 4 singular points, 3 of type 1 3 (1, 2) and one of type 1 7 (1, 5). Assume that its minimal resolutionZ is a (2, 3)-elliptic surface. Then the following hold true.
(1) The triple cover Y of Z branched at the three singular points of type 1 3 (1, 2) is a Q-homology projective plane with 3 singular points of type 1 7 (1, 5). The minimal resolutionỸ of Y is a (2, 3)-elliptic surface, and every fibre of the elliptic fibration onZ does not split inỸ .
(2) The elliptic fibration onZ has 4 singular fibres of type µ 1 I 3 + µ 2 I 3 + µ 3 I 3 + µ 4 I 3 , where µ i is the multiplicity of the fibre. (3) The elliptic fibration onỸ has 4 singular fibres of type µI 9 + µ 1 I 1 + µ 2 I 1 + µ 3 I 1 .
The case whereZ is a (2, 4)-elliptic surface was treated in [K10] . The assertions (2) and (3) of Theorem 0.5 were given without proof in Corollary 4.12 and 1.4 of [K08] .
As a consequence of Theorem 0.4 and the result of Cartwright and Steger ([CS] , [CS2] ), we give a classification of Q-homology projective planes with cusps, i.e., singularities of type 1 3 (1, 2), only. Theorem 0.6. Let Z be a Q-homology projective plane with cusps only. Then Z is isomorphic to one of the following:
(1) X/C 3 , where X is a fake projective plane with an order 3 automorphism; (2) X/C 2 3 , where X is a fake projective plane with Aut(X) = C 2 3 ; (3) P 2 / σ , where σ is the order 3 automorphism given by σ(x, y, z) = (x, ωy, ω 2 z); (4) P 2 / σ, τ , where σ and τ are the commuting order 3 automorphisms given by
where a is a non-zero constant and ω = exp(
Remark 0.7. In differential topology, they use two notions "exotic P 2 " and "fake P 2 ". An exotic P 2 is a simply connected symplectic 4-manifold homeomorphic to, but not diffeomorphic to P 2 . The existence of such a 4-manifold is not known yet. It does not exist in complex category.
, the geometric genus of a surface X
Preliminaries
First, we recall the toplogical and holomorphic Lefschetz fixed point formulas.
Toplogical Lefschetz Fixed Point Formula. Let M be a topological manifold of dimension m admitting a homeomrphism σ. Then the Euler number of the fixed locus M σ of σ is equal to the alternating sum of the trace of σ * acting on
Holomorphic Lefschetz Fixed Point Formula.([AS3], p. 567) Let M be a complex manifold of dimension 2 admitting an automorphism σ. Let p 1 , . . . , p l be the isolated fixed points of σ and R 1 , . . . , R k be the 1-dimensional components of the fixed locus S σ . Then
where T pj is the tangent space at p j , g(R j ) is the genus of R j and ξ j is the eigenvalue of the differential dσ acting on the normal bundle of R j in M . Assume further that σ is of finite and prime order p. Then
where r i is the number of isolated fixed points of σ of type 1 p (1, i), and
, and is a ball-quotient or P 2 . Since c 2 (M ) = 3, M cannot be fibred over a curve of genus ≥ 2. Thus by Castelnuovo-de Franchis theorem, p g (M ) ≥ 2q(M ) − 3, which implies p g (M ) = q(M ) ≤ 3. The case of p g (M ) = q(M ) = 3 was eliminated by the classification result of Hacon and Pardini [HP] (see also [Pi] and [CCM] ).
Then, the following hold true.
(1) If M admits an order 7 automorphism σ with isolated fixed points only,
, and M/ σ has either 3 singular points of type (1) By Hodge decomposition theorem,
Note that this number is an integer. Let ζ = exp(
and this is an integer iff ζ i = ζ j = 1. This implies that T rσ
it follows that T rσ * |H 2 (M, Z) = 9 and e(M σ ) = 3. In particular, T rσ
where r i is the number of isolated fixed points of σ of type
we have two solutions: r 3 + r 5 = 3, r 1 = r 2 = r 4 = r 6 = 0; r 2 + r 4 = 2, r 6 = 1, r 1 = r 3 = r 5 = 0.
Assume that p g (M ) = q(M ) = 1. By the same argument, T rσ
(2) First note that p g (M/ σ ) ≤ 1 and q(M/ σ ) ≤ 1. Let ζ i and ζ j be the eigenvalues of σ * acting on H 0,1 (M ) and H 0,2 (M ), respectively, where ζ = exp(
). Also note that rank H 1,1 (M ) = 1 + 2q(M ) = 3. Since σ * fixes the class of a fibre of the Albanese fibration X → Alb(X) and the class of K X , we have T rσ
The latter implies that T rσ * |H 1,1 (M ) is an integer, hence T rσ * |H 1,1 (M ) = 3. Then by the Toplogical Lefschetz Fixed Point Formula, e(M σ ) = 6. By the Holomorphic Lefschetz Fixed Point Formula, 1 = 1 6
where r i is the number of isolated fixed points of σ of type 1 3 (1, i). Since r 1 + r 2 = e(M σ ) = 6, we have a unique solution: r 1 = 6, r 2 = 0. This gives (a). Assume that p g (M/ σ ) = 1 and q(M/ σ ) = 0. Then ζ i = 1 and ζ j = 1, hence
The latter implies that T rσ * |H 1,1 (M ) is an integer, hence T rσ * |H 1,1 (M ) = 3. Then by the Toplogical Lefschetz Fixed Point Formula, e(M σ ) = 9. By the Holomorphic Lefschetz Fixed Point Formula,
Since r 1 + r 2 = 9, we have a unique solution: r 1 = 3, r 2 = 6. This gives (b).
T rσ * |H 1,1 (M ) = 3 and e(M σ ) = 3. By the Holomorphic Lefschetz Fixed Point Formula, 1 = 1 6 r 1 + 1 3 r 2 .
Since r 1 + r 2 = 3, we have a unique solution: r 1 = 0, r 2 = 3. This gives (c).
Assume that p g (M/ σ ) = 0 and q(M/ σ ) = 1. Then ζ i = 1 and ζ j = 1, hence
T rσ * |H 1,1 (M ) = 3 and e(M σ ) = 0. Thus σ acts freely, a contradiction.
Proposition 1.2. Let M be an abelian surface. Assume that it admits an order 3 automorphism σ such that
Proof. First note that p g (M ) = 1 and rank
It implies that T rσ * |H 1,1 (M ) is an integer, hence is equal to 4, 1 or −2. The last possibility can be ruled out, as there is a σ-invariant ample divisor yielding a σ * -invariant vector in
Here r i is the number of isolated fixed points of type Since Alb(M )/ σ has quotient singularities only, its minimal resolution has p g = q = 0, hence
By Proposition 1.2, Alb(M )/ σ has Picard number 4 or 2. This is a contradiction, as a normal projective surface with Picard number 1 cannot be mapped surjectively onto a surface with Picard number ≥ 2.
Let S be a normal projective surface with quotient singularities and
be a minimal resolution of S. It is well-known that quotient singularities are logterminal singularities. Thus one can write the adjunction formula,
where D p = (a j A j ) is an effective Q-divisor with 0 ≤ a j < 1 supported on f −1 (p) = ∪A j for each singular point p. It implies that
The coefficients of the Q-divisor D p can be obtained by solving the equations
given by the adjunction formula for each exceptional curve
2. The Proof of Theorem 0.4 2.1. The case: Z has 3 singular points of type 1 3 (1, 2). Let p 1 , p 2 , p 3 be the three singular points of Z of type 1 3 (1, 2), andZ → Z be the minimal resolution. Lemma 2.1. There is a C 3 -cover X → Z branched at the three singular points of Z.
Proof. We use a lattice theoretic argument. Consider the cohomology lattice
which is unimodular of signature (1, 6) under intersection pairing. Since Z is a Q-homology projective plane, p g (Z) = q(Z) = 0 and hence Pic(Z) = H 2 (Z, Z). Let R i ⊂ H 2 (Z, Z) f ree be the sublattice spanned by the numerical classes of the components of f −1 (p i ). Consider the sublattice R 1 ⊕ R 2 ⊕ R 3 . Its discriminant group is 3-elementary of length 3, and its orthogonal complement is of rank 1. It follows that there is a divisor class L ∈ Pic(Z) such that 3L = B + τ for some torsion divisor τ , where B is an integral divisor supported on the six (−2)-curves contracted to the points p 1 , p 2 , p 3 by the mapZ → Z. Here all coefficients of B are greater than 0 and less than 3.
If τ = 0, L gives a C 3 -cover ofZ branched along B, hence yielding a C 3 -cover X → Z branched at the three points p 1 , p 2 , p 3 . Clearly, X is a nonsingular surface.
If τ = 0, let m denote the order of τ . Write m = 3 t m ′ with m ′ not divisible by 3. By considering 3(m ′ L) = m ′ B + m ′ τ , and by putting B ′ = m ′ B(modulo 3), τ ′ = m ′ τ , we may assume that τ has order 3 t . The torsion bundle τ gives an unramified C 3 t -cover p : V →Z. Let g be the corresponding automorphism of V . Pulling 3L = B + τ back to V , we have 3p
Obviously, g can be linearized on the line bundle p * L, hence gives an automorphism of order 3 t of the total space of p * L. Let V ′ → V be the C 3 -cover given by p * L. We regard V ′ as a subvariety of the total space of p * L. Since g leaves invariant the set of local defining equations for V ′ , g restricts to an automorphism of V ′ of order 3 t . Thus we have a C 3 -cover
This yields a C 3 -cover X → Z branched at the three points p 1 , p 2 , p 3 . Clearly, X is a nonsingular surface.
Since Z has only rational double points, the adjunction formula gives
2 Z = 9. The smooth part Z 0 of Z has Euler number e(Z 0 ) = e(Z) − 9 = 0, so e(X) = 3e(Z 0 ) + 3 = 3. This shows that X is a ball quotient with p g (X) = q(X). It is known that such a surface has p g (X) = q(X) ≤ 2.
(See the paragraph before Proposition 1.1.) In our situation X admits an order 3 automorphism, and Proposition 1.1 eliminates the possibility of p g (X) = q(X) = 1.
It remains to exclude the possibility of p g (X) = q(X) = 2. Suppose that p g (X) = q(X) = 2. Consider the Albanese map a : X → Alb(X). It induces a mapā : Z → Alb(X)/σ, where σ is the order 3 automorphism of X corresponding to the C 3 -cover X → Z. Since Z has Picard number 1 and p g (Z) = q(Z) = 0, Proposition 1.4 gives a contradiction.
2.2. The case: Z has 4 singular points of type Proof. We may assume that the three points are p 1 , p 2 , p 3 . Note that Y has 3 singular points of type Suppose that p g (Ỹ ) = q(Ỹ ) = 2. Consider the Albanese map a :Ỹ → Alb(Ỹ ). It contracts the six (−2)-curves ofỸ , hence the induced mapā :Ỹ / σ → Alb(Ỹ )/ σ factors through a surjective mapỸ / σ → Z, where σ is the order 3 automorphism ofỸ corresponding to the C 3 -cover Y → Z. Since Z has Picard number 1 and p g (Z) = q(Z) = 0, Proposition 1.4 gives a contradiction.
The possibility of p g (Ỹ ) = q(Ỹ ) ≥ 3 can be ruled out by considering a C 3 -cover X → Y branched at the three singular points of Y . See the paragraph below Lemma 2.3. Lemma 2.3. There is a C 3 -cover Y → Z branched at three of the four singular points of Z, and a C 3 -cover X → Y branched at the three singular points of Y .
Proof. The existence of two C 3 -covers can be proved by a lattice theoretic argument. Note that Pic(Z) = H 2 (Z, Z). We know that H 2 (Z, Z) f ree is a unimodular lattice of signature (1, 8) under intersection pairing. Let R i ⊂ H 2 (Z, Z) f ree be the sublattice spanned by the numerical classes of the components of f −1 (p i ). Consider the sublattice R 1 ⊕ R 2 ⊕ R 3 ⊕ R 4 . Its discriminant group is 3-elementary of length 4, and its orthogonal complement is of rank 1. It follows that there are two divisor classes L 1 , L 2 ∈ Pic(Z) such that
for some torsion divisors τ i , where B i is an integral divisor supported on the six (−2)-curves lying over three of the four points p 1 , p 2 , p 3 , p 4 . We may assume that B i is supported on ∪ j =i f −1 (p j ) and all coefficients of B i are greater than 0 and less than 3.
By the same argument as in Lemma 2.1, we can take a C 3 -cover Y → Z branched at the three points p 2 , p 3 , p 4 . Then Y has 3 singular points of type 1 3 (1, 2), the preimage of p 1 . This can be done by using the line bundle L 1 if τ 1 = 0. Otherwise, we first take an unramified cover p : V →Z corresponding to τ 1 and then lift the covering automorphism g to the C 3 -cover V ′ → V given by p * L 1 , then take the quotient V ′ / g . Let ψ :Ȳ →Z be the C 3 -cover corresponding to the C 3 -cover Y → Z, composed with a normalization. ThenȲ is a normal surface and there is a surjection
and f * (ψ * B 2 ) is an integral divisor supported on the exceptional locus ofỸ → Y with coefficients greater than 0 and less than 3. Now by the same argument as in Lemma 2.1, there is a C 3 -cover X → Y with X nonsingular.
It is easy to see that K 2 X = 9, e(X) = 3 and p g (X) = q(X). Such a surface has p g (X) = q(X) ≤ 2. (See the paragraph before Proposition 1.1.) It implies that p g (Y ) = q(Y ) ≤ 2, which completes the proof of Lemma 2.2.
By Lemma 2.2, p g (Y ) = q(Y ) = 0, so Y has Picard number 1 and has three singular points of type 1 3 (1, 2). Then by the previous subsection, p g (X) = q(X) = 0. 2.3. The case: Z has 3 singular points of type 1 7 (1, 5). Let p 1 , p 2 , p 3 be the three singular points of Z of type 1 7 (1, 5). Then there is a C 7 -cover X → Z branched at the three points. In the case of π 1 (Z) = {1}, this was proved in [K06] , p922. In our general situation, we consider the lattice Pic(Z)/(torsion), whereZ → Z is the minimal resolution. Then by the same lattice theoretic argument as in [K06] , there is a divisor class L ∈ Pic(Z) = H 2 (Z, Z) such that 7L = B + τ for some torsion divisor τ , where B is an integral divisor supported on the exceptional curves of the mapZ → Z. Here all coefficients of B are not equal to 0 modulo 7. IfZ is a (2, 4)-elliptic surface and if τ = 0, then 2τ = 0. By considering 7(2L) = 2B, and by putting L ′ = 2L and B ′ = 2B, we get 7L ′ = B ′ . This implies the existence of a C 7 -cover X → Z branched at the three points p 1 , p 2 , p 3 . Then X is a nonsingular surface.
Note that K 
Lemma 2.4.
(1) There is a C 3 -cover Y → Z branched at the three points of type Proof. We may assume thatZ is a (2, 3)-elliptic surface. The case of (2, 4)-elliptic surfaces was proved in [K10] .
(1) The existence of the triple cover can be proved in the same way as in [K06] , p920-921. Note that Y has 3 singular points of type (1, 5). It does not pass through any of the 3 singular points of Z ′ , hence splits inỸ to give three (−3)-curves E 1 , E 2 , E 3 .
Suppose that a general fibre of Z ′ splits inỸ . Since E is a 6-section, each E i will be a 2-section of the elliptic fibration ψ :Ỹ → P 1 . Thus, the map from E i to the base curve P 1 is of degree 2. It implies thatỸ has at most 2 multiple fibres and the multiplicity of every multiple fibre is 2. Thus each multiple fibre of Z ′ does not split inỸ . (Otherwise, it will give 3 multiple fibres of the same multiplicity, a contradiction.) Consider the base change map γ :
, which is of degree 3. It is branched at the base points of the two multiple fibres of φ ′ : Z ′ → P 1 , so cannot have any more branch points. The minimal resolutionZ contains nine curves whose dual diagram is
Note that every (−2)-curve onZ is contained in a fiber. The eight (−2)-curves are contained in a union of fibres, only in one of the following three cases. Here µ or µ i is the multiplicity of the fibre.
(a) IV * + µI 3 , (b) IV * + IV, (c) µ 1 I 3 + µ 2 I 3 + µ 3 I 3 + µ 4 I 3 .
In the first two cases, the (−3)-curve must intersects with multiplicity 2 the central component of the IV * -fibre. Thus, the image in Z ′ of the IV * -fibre contains the 3 singular points of Z ′ , so it does not split in Y . This means that the base point of the IV * -fibre is another branch point of the base change map γ, a contradiction. In the last case, we also get at least 3 branch points of γ, a contradiction. Therefore, every fibre of Z ′ does not split inỸ . In particular, the multiplicity of a fibre inỸ is the same as that of the corresponding fibre inZ. ThusỸ is an elliptic surface over P 1 having 2 multiple fibres with multiplicity 2 and 3, resp. Since K 2 Z = 0 and Z ′ has only rational double points, the adjunction formula gives
Euler number e(Z 0 ) = e(Z) − 9 = 3, so e(Ỹ ) = 3e(Z 0 ) + 3 = 12. This shows thatỸ is a (2, 3)-elliptic surface. Now by the previous subsection, there is a C 7 -cover X → Y branched at the three singular points such that X is a fake projective plane.
3. Proof of Theorem 0.5
(1) was proved in Lemma 2.4.
(2) As we have seen in the proof of Lemma 2.4, the eight (−2)-curves onZ are contained in a union of fibres, only in one of the following three cases. Here µ or µ i is the multiplicity of the fibre.
Recall that every fibre inZ does not split inỸ , and the (−3)-curve inZ is a 6-section. We will eliminate the first two cases. Let Z ′ → Z be the minimal resolution of the singular point of type 1 7 (1, 5). Case (a) : IV * + µI 3 . In this case, the surfaceZ has a fibre of type µ ′ I 1 . Since the (−3)-curve inZ is a 6-section, it intersects with multiplicity 2 the central component of the IV * -fibre. Thus both the µI 3 -fibre and the µ ′ I 1 -fibre are disjoint from the branch of the C 3 -coverỸ → Z ′ . It is easy to see that these two fibres will give a µI 9 -fibre and a µ ′ I 3 -fibre inỸ , soỸ has Picard number ≥ 12, a contradiction.
Case (b) : IV * + IV . This case can be eliminated in a similar way as above. The IV -fibre onZ does not contain any of the (−2)-curves contracted by the map Z → Z ′ . But there is no unramified connected triple cover of a IV -fibre.
(3) If the image in Z ′ of the µ i I 3 -fibre contains a singular point of Z ′ , then it will give a µ i I 1 -fibre inỸ . If it does not, then it will give a µ i I 9 -fibre inỸ .
Q-homology projective planes with cusps
In this section we will prove Theorem 0.6. Let Z be a Q-homology projective plane with cusps, i.e., singularities of type 1 3 (1, 2), only. LetZ → Z be the minimal resolution.
Let k be the number of cusps on Z. A Q-homology projective plane with quotient singularities can have at most 5 singular points, and the case with the maximum possible number of quotient singularities was classified in [HK] . According to this classification, there is no Q-homology projective plane with 5 cusps. Thus we have k ≤ 4. It is easy to see that K 2 Z = K 2 Z = 9 − 2k. Since K 2 Z > 0, K Z is not numerically trivial. By Lemma 3.3 of [HK] , the product of the orders of local abelianized fundamental groups and K 2 Z is a positive square number. In our situation, the product is 3 k (9 − 2k), and this number is a square only if k = 4 or 3. Since K Z is not numerically trivial, either K Z or −K Z is ample. Assume that K Z is ample. Then KZ is nef, henceZ is a minimal surface of general type. By Theorem 0.4, Z is the quotient of a fake projective plane by a group of order 9 if k = 4, by order 3 if k = 3.
Assume that −K Z is ample. Then Z is a log del Pezzo surface of Picard number 1 with 4 or 3 cusps. Assume that Z has 3 cusps. By a similar argument as in Section 2, there is a C 3 -cover P 2 → Z branched at the 3 cusps. It is easy to see that the covering automorphism is a conjugate of the order 3 automorphism σ : (x, y, z) → (x, ωy, ω 2 z).
Assume that Z has 4 cusps. By a similar argument as in Section 2, there is a C 2 3 -cover P 2 → Z branched at the 4 cusps, the composition of two C 3 -covers. It is easy to see that the Galois group is a conjugate of σ, τ , where σ and τ are the commuting order 3 automorphisms given by σ(x, y, z) = (x, ωy, ω 2 z), τ (x, y, z) = (z, ax, a −1 y),
).
Remark 4.1. (1) In the case (1) and (2), the fundamental group π 1 (Z) is given by the list of Cartwright and Steger. See Remark 0.3.
(2) One can construct a log del Pezzo surface of Picard number 1 with 4 or 3 cusps in many ways other than taking a global quotient. One different way is to consider a rational elliptic surface V with 4 singular fibres of type I 3 . Such an elliptic surface can be constructed by blowing up P 2 at the 9 base points of the Hesse pencil. Every section is a (−1)-curve. Contracting a section, we get a nonsingular rational surface W with eight (−2)-curves forming a diagram of type 4A 2 . Contracting these eight (−2)-curves, we get a log del Pezzo surface of Picard number 1 with 4 cusps. On W , we contract a string of two rational curves forming a diagram (−1)-(−2) to get a nonsingular rational surface with six (−2)-curves forming a diagram of type 3A 2 . Contracting these six (−2)-curves, we get a log del Pezzo surface of Picard number 1 with 3 cusps.
